Abstract. We prove the conjecture of Pollack and Weston on the quantitative analysis of the level lowering congruenceà la Ribet for modular forms of higher weight. It was formulated and studied in the context of the integral Jacquet-Langlands correspondence and anticyclotomic Iwasawa theory for modular forms of weight two and square-free level for the first time. We use a completely different method based on the R = T theorem proved by Diamond-FlachGuo and Dimitrov and an explicit comparison of adjoint L-values. As applications, we discuss the comparison of various integral canonical periods, the µ-part of the anticyclotomic main conjecture for modular forms, and the primitivity of Kato's Euler systems.
• ρ f is ramified at at least two primes. Then Conjecture 1.1 holds.
The goal of this article is to prove a generalization of Theorem 1.2 for modular forms of higher weight under mild assumptions. See §1.2 and §1.3 for the precise definitions of congruence ideals and Tamagawa exponents, respectively. Our proof explains the tame level condition (5) of Theorem 1.3 is inevitable; thus, Theorem 1.3 is optimal in the level aspect. See Remark 1.17.(3).
We remark that the formula (1.1) quantifies the level lowering congruences in the sense of Ribet [Rib90] while Wiles' numerical criterion [Wil95, Theorem 2.17] quantifies the level raising congruences (c.f. [DDT97, Theorem 5.3] ).
An interesting feature of Conjecture 1.1 is that it has various arithmetic applications including both cyclotomic and anticyclotomic Iwasawa theory for modular forms. Via Conjecture 1.1, it is possible to compute the anticyclotomic µ-invariants of modular forms in terms of Tamagawa exponents as in [PW11] . This computation also allows us to compare Hida's canonical periods and Gross periods arising from definite quaternion algebras following [PW11, CH18] . We can also study the relation between the periods between modular and (indefinite!) Shimura curves following Prasanna's approach. See [Pra06, Pra08, Pra11, IP] for detail. Another application of Conjecture 1.1 is to observe how Tamagawa defects in the Euler system argument can be removed via level lowering. Removing Tamagawa defects is essential to have the primitivity of Kato's Kolyvagin systems [MR04, Büy09, KKS] . We will discuss these applications in the last four sections of this article.
The original proof of Theorem 1.2 is based on the comparison of the degrees of the parametrizations of modular abelian varieties by modular and Shimura curves following the work of Ribet-Takahashi [RT97, Tak01] . Since the geometry of modular and Shimura curves is deeply involved in the argument, we do not expect the original method would generalize for a proof of Theorem 1.3. As already mentioned in [CH18] , the comparison of various congruence ideals is deeply related to the freeness of the (quaternionic) Hecke modules over the associated Hecke algebra. Therefore, it seems natural to consider the R = T technique to attack Conjecture 1.1 for higher weight forms. Notably, Chida and Hsieh studied the "minimal" case, i.e. the t f (q) = 0 case, in [CH18] using an R = T theorem for quaternion algebras. However, it seems quite nontrivial to generalize Chida-Hsieh's argument directly by giving the right local deformation conditions. See Remark 2.18 for this issue.
Our approach is also based on the R = T theorem given by [DFG04] and [Dim09] . Although we also face the same problem appeared in Chida-Hsieh's argument, we bypass the difficulty by the direct comparison among cohomology congruence ideals of various tame levels via their analytic aspect, the adjoint L-values.
We remark that recent refinements of R = T theorems including Kisin's R red = T, Taylor's Ihara avoidance, and the fixed inertial Weil-Deligne type local deformations are not very helpful to compute congruence ideals. This is why we stick to rather classical R = T theorems.
In [Lun16] , B. Lundell claimed that he proved Conjecture 1.1 for Hilbert modular forms of parallel weight two, but his argument has several gaps in the use of the R = T theorem and even his formula does not hold as it stands. See §1.6 for detail. Indeed, our work fills the gaps in his work. It seems that our approach would extend to Hilbert modular forms using the work of Dimitrov [Dim05, Dim09] , but we stick to classical modular forms in this article since it is enough for arithmetic applications in our mind. The Hilbert case will be investigated in a future work.
1.2. Modularity lifting theorem and congruence ideals. Let p ≥ 5 be a prime and fix embeddings ι p : Q ֒→ Q p and ι ∞ : Q ֒→ C. For a field K, denote by G K the absolute Galois group of K. Let ρ : G Q → GL 2 (F) be an odd, absolutely irreducible, and continuous Galois representation where F is a finite extension of F p . Denote by N (ρ) the conductor of ρ. Then, by [KW09] and [Kis09] , ρ is modular of some weight k and some level N . Throughout this article, we assume the following conditions: (FL) There exists a newform f = n≥1 a n (f )q n ∈ S k (Γ 0 (N )) such that 2 ≤ k ≤ p − 1, p ∤ N , and ρ f ≃ ρ where ρ f is the residual Galois representation associated to f .
(TW) The restriction ρ| G Q(
is absolutely irreducible where p * = (−1)
Let E be a finite extension of Q p large enough to contain all the Hecke eigenvalues of the newforms in this article. Let O := O E and F the residue field of E. Definition 1.5 ( [Dim09, Definition 4.6]). Let Σ be a finite set of primes ℓ( = p). A deformation ρ of ρ to a complete Noetherian local O-algebra A is Σ-ramified if ρ : G Q → GL 2 (A) is a continuous representation such that ρ| G Qp is crystalline of Hodge-Tate weight (0, k − 1) with 2 ≤ k ≤ p − 1, ρ| G Q ℓ is minimally ramified at ℓ ∈ Σ, and det(ρ) = χ 1−k cyc where χ cyc is the p-adic cyclotomic character. A ∅-ramified deformation is called minimally ramified. Denote by R Σ the Σ-ramified deformation ring of ρ. See §2 for the detailed description of local deformation conditions. Remark 1.6. We note that the determinant of the deformation is fixed as χ 1−k cyc . Thus, we only work with modular forms of level Γ 0 (N ) in practice although we use modular curve Y 1 (N ) for the torsion-freeness of the cohomology of the modular curve.
Let S be a large finite set of primes and we define the Σ-ramified Hecke algebra T Σ by the O-subalgebra of f O generated by (ι p (a ℓ (f ))) ℓ ∈S where f runs over newforms of fixed weight k such that the associated p-adic
where I ℓ ⊆ G Q ℓ is the inertia subgroup.
Remark 1.7. Due to the argument in [DFG04, §1.7.1], we may assume that all the newforms in this article have minimal conductor among its twist when we work with ad
Following [Dim09, (21)], we introduce the following level structure depending on ρ and Σ. For ℓ = p, we put c(ℓ) := ord ℓ (N (ρ)), d(ℓ) := dim F H 0 (I ℓ , ρ), and c(p) = d(p) = 0. For ρ and Σ, we write
where r > 3 is a prime such that r ≡ 1 (mod p), ρ is unramified at r, and (tr (ρ(Frob r ))) 2 = r k−2 (1 + r) 2 in F. It is known that there exist infinitely many such r (e.g. [DT94b, Lemma 11], [DT94a, Lemma 2 (when p = 3)]).
Enlarge S enough to contain Σ, primes dividing N (ρ), and r. Let T S = O[T ℓ , S ℓ : ℓ ∈ S] be the abstract S-anemic Hecke algebra over O and m = (λ, T ℓ − tr(ρ(Frob ℓ )), S ℓ − ℓ −1 · det(ρ(Frob ℓ )) : ℓ ∈ S) the maximal ideal of T S corresponding to ρ where T ℓ and S ℓ are standard Hecke operators.
Let
is the p-adic local system where s is the map from the universal elliptic curve to the modular curve with level Γ 1 (N ) structure over
We recall the Hecke modules and Hecke algebras following [Dim09, (35) ]. Let T(N ρ,Σ ) be the image of T S in the ring of O-endomorphisms of Let m Σ be the maximal ideal of T(N ρ,Σ ) generated by m, U r −α r and, U q for q ∈ Σ where α r is a chosen eigenvalue of ρ(Frob r ). We define T(N ρ,Σ ) m Σ and M N ρ,Σ ,m Σ by the localizations of T(N ρ,Σ ) and M N ρ,Σ at m Σ , respectively. Notably, M N ρ,Σ ,m Σ is exactly the p-adic realization of the premotivic structure for Following [DFG04, §1.7.3], we introduce another level structure depending on a newform f of level N and Σ. Let d 0 (ℓ) := dim E H 0 (I ℓ , V f ) and define
For a newform f = a n q n of level N and Σ, we define the Σ-imprimitive eigenform f Σ = b n q n of level N Σ by b n = 0 if n is divisible by a prime in Σ, a n otherwise.
Denote by m Σ the maximal ideal of T(N Σ ) generated by m and U q for q ∈ Σ. Definition 1.10 (Congruence ideals; [Dia97a, DFG04, Dim09] ).
(1) For a newform f which arises as a Σ-ramified deformation of ρ, we define
by the projection to the f -component. Then we define the Σ-ramified congruence ideal of f η f,Σ := π f,Σ (Ann T Σ (ker π f,Σ )) .
(2) For a newform f ∈ S k (Γ 0 (N )) m and Σ, consider the Σ-imprimitive eigenform f Σ of level N Σ associated to f and define
Suppose that we choose Σ by the set of primes dividing N/N (ρ). We also define the eigenform f Σ,αr of level N ρ,Σ by the r-stabilization of f Σ with U r -eigenvalue α r . Lemma 1.11.
(1) If we choose Σ by the set of primes dividing N/N (ρ), then N ρ,Σ = r · N Σ .
(2) If Σ contains P ρ and N ρ,Σ = r · N Σ , then we have
Proof. The first statement immediately follows from the definitions. We focus on the second statement. Since the second equality in the second statement immediately follows from Lemma 1.8, it suffices to check the first equality. By a basic property of the congruence ideals (c.f.
[DDT97, (5.2.
2)]), we have
Equivalently,
The properties of r directly implies that the Euler factor of the adjoint L-function of f at s = 1 is a unit. By the freeness of the Hecke modules described in §4.2, [Dim09, Proposition 6.3 and Proof of Theorem 6.6.(1)], and the property of r above, we have
Therefore, the conclusion follows.
We are now ready to recall the following R = T theorem. 
where
is the Σ-imprimitive adjoint Selmer group defined in Definition 2.12.
Remark 1.13.
• Note that cohomology congruence ideals is used in the original statement of [DFG04] . See §4.2 for detail. The term was coined by Diamond in [Dia97a] .
• Careful readers will notice that the modularity lifting theorems in [DFG04] and [Dim09] have slightly different conditions on the image of the residual representation. However, it is easy to check either one is enough to obtain the same result when the base field is Q.
We also introduce a variant of congruence ideals, which is crucial for this article.
For an integer a, let prime(a) be the set of prime divisors of a. For a newform f of level N , an integer M with N |M , and a square-free divisor N − of N , we decompose M = M + M − with prime(M − ) = prime(N − ). Let g be a normalized eigenform of level
14. We define the N − -new congruence ideal of g by
1.3. Tamagawa exponents. Let f = n≥1 a n (f )q n ∈ S k (Γ 1 (N )) be a newform with (N, p) = 1 and 2 ≤ k ≤ p − 1 and Q f the Hecke field of f . Let λ be the prime of Q f lying above p induced from ι p . Let Q f,λ be the completion at λ, Z f,λ the ring of integers, and F the residue field. Following Deligne's construction, there exists a continuous λ-adic Galois representation arising from f (and ι p )
, which is irreducible, odd, unramified outside N p. Thus, ρ f factors through G Q,S where S is the finite set of places of Q containing the infinite place and the places dividing N p. Indeed, ρ f is characterized by the following property. For each prime ℓ of Q not in S, we have
where Frob ℓ is a geometric Frobenius at ℓ in G Q,S . By choosing a Galois stable lattice T f of V f over Z f,λ , we define the mod λ n representation
and the residual representation
Since we assume the image of ρ is irreducible (Assumption 1.4.(TW)), ρ is independent of the choice of T f . We define
, the local Tamagawa ideal for T f at a prime q is defined by • The connection between adjoint L-values and cohomology congruence ideals is due to Hida's formula [Hid81] . See also [DDT97] .
• The connection between cohomology congruence ideals and congruence ideals follows from the freeness of the Hecke module over the associated Hecke algebra. • The connection between congruence ideals and adjoint Selmer groups follows from the Taylor-Wiles system argument. Our main theorem (Theorem 1.3) precisely measures the difference of two congruence ideals η f (N ) and η f (N + , N − ), but making such a connection is not straightforward at all. The following diagram summarizes how the connection is made.
The proof of Theorem 1.3 consists of two parts. The first part ( §1.4.1) is an approximation of the main theorem (Theorem 1.16) whose proof is based on the R = T argument and the computation of Galois cohomology. However, it does not give the exact formula but a slightly different formula. The second one ( §1.4.2) is the correction of this error (Proposition 1.18) whose proof is based on the explicit comparison among adjoint L-values. Theorem 1.3 immediately follows from Theorem 1.16 and Proposition 1.18.
1.4.1. The first approximation. Let Σ be the set of primes dividing N/N (ρ), Σ + the subset of Σ consisting of primes not dividing N − , and Σ − := Σ \ Σ + . We also decompose
where r is the same one in (1.3). Then we have
Comparing with N (ρ) + and N + , we have
How much N + ρ,Σ + and N + differ at primes in Σ + ? For ℓ ∈ Σ + , we observe the following: • ρ f ≃ ρ,
• p, N + , and N − are pairwisely relatively prime,
Then we have
We prove Theorem 1.16 in §2 and §3. In §2, we review the deformation theory of Galois representations, study a presentation of the Galois deformation ring, and prove a refined R = T theorem. In §3, we review the standard facts of Galois cohomology and compute the difference between adjoint Selmer groups with different local conditions. Remark 1.17.
(1) Lemma 1.11 is used in (1.6).
(2) One disadvantage of the first approximation is the rigidity of the level structure
For example, the first approximation does not imply
for any prime ℓ dividing N − at which ρ is unramified. (3) Theorem 1.16 indicates that Conjecture 1.1 would not hold as it stands without imposing any assumption on N − .
In order to obtain Theorem 1.3 from Theorem 1.16, we need to reduce N Σ to N + ρ,Σ + /r · N − in RHS of (1.6) and N + ρ,Σ + /r to N + in both sides of (1.6). This is the goal of the second correction.
The second correction.
We assume the freeness result in §4.2 to identify the congruence ideals and the cohomology congruence ideals here. The second correction is the following proposition. (1) Let Σ − is the set of primes dividing N − where ρ is unramified. If any prime in Σ − is not congruent to ±1 modulo p, then
(2) We have
We prove Proposition 1.18 in §4. In §4, we recall cohomology congruence ideals and study their interpretation as the adjoint L-values. In §6, we extend the µ-part of the anticyclotomic main conjecture for modular forms of higher weight to Greenberg Selmer groups by using Corollary 5.8. The weight two case is studied in [PW11] . See Corollary 6.4 for the statement.
In §7, we study the integral periods arising from Shimura curves. Under certain assumptions, we show that if the canonical periods arising from modular curves and Shimura curves differ by a p-adic unit, then Prasanna's conjecture holds. See Corollary 7.6 for the statement.
In §8, we show that the Tamagawa defect in the Euler system argument can be removed via level lowering. See Corollary 8.2 for the statement.
1.6. Comparison with former literatures. In [CH18, §6] , the following theorem is proved basically by using an R = T theorem for quaternion algebras. Then we have
Proof. See [CH18, Proposition 6.1].
Note that our main theorem weakens the last ramification condition on N − as well as the p-ordinary condition. It seems difficult to remove the last tame ramification condition on N − only with the R = T theorem. See Remark 2.18 for this issue.
In [Lun16] , B. Lundell claimed a proof of Theorem 1.3 for Hilbert modular forms of parallel weight two. However, following his argument, the best possible statement is only Theorem 1.16. Even there are also some unjustified arguments which we specify below.
(1) The non-minimal R = T theorem used in [Lun16] 2. Deformation theory and a refined R = T theorem
In this section, we recall the relevant deformation theory of Galois representations and prove a refined R = T theorem (Theorem 2.15). 2.1. A local-global principle of deformation functors. Under Assumption 1.4.(TW), the universal deformation functor D G Q,S is representable and represented by the universal deformation ring R G Q,S . We impose certain local conditions at ℓ ∈ S to cut out irrelevant deformations in R G Q,S . For primes outside S (and Σ if we consider Σ-ramified deformations), we impose unramified deformation conditions at those primes (and unrestricted deformation conditions at primes in Σ).
Imposing these local conditions can be interpreted as defining relatively representable sub- Consider the commutative diagram of functors
where "res" is the natural transformation arising from the restriction of G F,Σ to G Fv and D(S) is defined by the pull-back. By [Böc07, Proposition 3.4], D(S) is also representable.
The deformation ring corresponding to D(S) is denoted by R(S).
The tangent space of the deformation functors can be described in terms of adjoint Selmer groups. Let CNL O be the category of complete Noetherian local (CNL) O-algebras with residue field F whose morphisms are local O-algebra morphism inducing the identity map on F. Let C O be the category whose objects are pairs (R, π R ) where R is an object of CNL O and π R : R → O is a surjective local O-algebra homomorphism, and whose morphisms are morphisms in CNL O which commute with π R 's. For a pair (R, π R ) in C O , write ℘ π R := ker π R . We define the cotangent space to Spec R at ℘ π R by
and the congruence ideal of (R, π R ) by
Then there exists an isomorphism between the tangent space to the functor D G Q ℓ over R and H 1 (Q ℓ , ad 0 (ρ)). Thus, D(ℓ) corresponds to a sub-tangent space to D G Q ℓ over R and a subspace
v∈S becomes the Selmer structure for S and ad 0 (ρ) ⊗ E/O and we have an isomorphism
The relation between the cotangent space and the congruence ideal is now well-known as follows:
2.2. Local deformation conditions. For all places ℓ, let R(ℓ) be the local versal deformation ring of ρ| G Q ℓ relatively representing the deformation functor D(ℓ) corresponding to the local Selmer condition
Denote by gen(a ℓ ) the (minimal) number of generators of a ℓ .
We quickly review the useful local deformation problems (c.f. [Tay03, P1-P7], [CHT08, Definition 2.2.2]) and discuss vanishing of a ℓ . In [CHT08] , the deformation problems are considered without fixing determinants, but it does not cause any problem in our setting since p > 2.
Although we explicitly write down the local Selmer conditions only for ad 0 (ρ) in this section, they easily generalize to ad 0 (ρ n ) for all n ≥ 1.
Low weight crystalline.
Definition 2.4 (Low weight crystalline deformation). A deformation ρ| G Qp is a low weight crystalline deformation of ρ| G Qp if ρ| G Qp is crystalline at p with Hodge-Tate weights (0, k − 1) with 2 ≤ k ≤ p − 1. 
Furthermore, a p = 0 by [CHT08, Lemma 2.4.1] ("liftable").
2.2.2.
Unramified. Let ℓ = p and assume that ρ| G Q ℓ is unramified; thus, p ∤ #ρ(I ℓ ). Let L ℓ be the local condition at ℓ corresponding to the deformation functor parametrizing all unramified deformation of ρ| G Q ℓ . Then
Lemma 2.5. Let ℓ be any prime (including p). Let M be a continuous discrete
Taking the direct limit, we have
Proof. Comparing the kernel and the cokernel of Frob ℓ − 1 :
, we obtain the conclusion.
2.2.3. Unrestricted. Let ℓ be a prime not dividing p. It is easy to see that
corresponds to the unrestricted deformations of ρ v . By [Böc07, Example 5.1. 
(1) If p ∤ #ρ(I ℓ ), then #ρ(I ℓ ) = #ρ(I ℓ ). 2.2.5. New. We closely follow [Tay03, E3] . Let ℓ be a prime = p. Assumption 2.7. We assume one of the following conditions:
( We consider the collection of the deformations of the following form χ cyc ξ 0 1 . In order to define the local condition L ℓ,1 ⊆ H 1 (Q ℓ , ad 0 (ρ)) corresponding to the deformations, we first explicitly describe how ad 0 (ρ)| G Q ℓ looks like. It turns out that
More explicitly, considering the equation
we can explicitly observe that M 2 is generated by t 1 0 0 and M 1 is generated by t 1 0 0 and t 0 1 0 . Thus, we have H 1 (Q ℓ , M 2 ) ≃ H 1 (Q ℓ , E/O(1)). The local Selmer condition at ℓ corresponding to the deformations above is defined by
when ρ is unramified at ℓ. Even when ρ is ramified at ℓ, we also denote it by H 1 new (Q ℓ , ad 0 (ρ)) = H 1 min (Q ℓ , ad 0 (ρ)) for convenience. 2.3. The deformation ring and the adjoint Selmer group. Putting all the local deformation conditions discussed together, we define the following deformation ring. Let Σ + and Σ − be two finite sets of primes ℓ( = p) such that Σ + ∩ Σ − = ∅.
Lemma 2.9. Suppose that L ℓ,1 is the local Selmer condition corresponding to ℓ-new or minimally ramified deformations as in Definition 2.8. Then
Definition 2.10 (Σ + -ramified Σ − -new deformation rings). Let D Σ − Σ be the deformation functor satisfying the following local deformation conditions:
(1) The local deformation at p is low weight crystalline (Definition 2.4); (2) At ℓ ∈ Σ + ∪ Σ − , the local deformation at ℓ is minimally ramified; (3) At ℓ ∈ Σ + , the local deformation at ℓ is unrestricted; (4) At ℓ ∈ Σ − , the local deformation at ℓ is new if ρ is unramified at ℓ.
(5) At ℓ ∈ Σ − , the local deformation at ℓ is minimally ramified if ρ is ramified at ℓ. 
2.4.
A presentation of the deformation ring. We summarize [Böc07, §5] as follows. We impose the following conditions.
(
(2) If we impose a suitable semistable assumption on deformations at p, then
Note that the condition at the infinite place is automatic since ρ is odd. If we further assume that gen(a p ) ≤ 1, then the global deformation ring with these local constraints is a complete intersection. The precise statement is as follows.
Theorem 2.13 (Böckle). Let ρ : G Q → GL 2 (F p ) be an odd, continuous, and absolutely irreducible Galois representation. We assume the following conditions.
(2) If ℓ = p, then ρ| G Qp is low weight crystalline and 
.(TW). Then the corresponding deformation ring R is a complete intersection over
O, i.e. R ≃ O X 1 , · · · , X n /(f 1 , · · · f n ) for suitable f i ∈ O X 1 , · · · , X n .
.(TW).
Corollary 2.14. The deformation ring R Σ − Σ + is a complete intersection; thus, we have R
Proof. Considering all the local deformation conditions in §2.2, the conclusion immediately follows.
2.5. A refined R = T theorem. The goal of this section is to prove the following theorem. Before giving a proof, we recall two lemmas. 
and show that it is an isomorphism. Suppose that there is an O-algebra morphism α :
where O ′ is a domain of characteristic zero and the corresponding deformation is denoted by ρ ′ . By making the following composition
there exists a newform g of level dividing N ρ,Σ and ρ ′ and ρ g are obviously equivalent. Let ℓ be a prime dividing
By considering the Ramanujan-Petersson bound (at good primes), it is easy to see that ρ ′ is ramified at all primes dividing N − . Thus, g is new at all primes dividing N − and the map (2.4) factors through T(N We now claim the injectivity of π Σ − Σ + . Due to the bijection between minimal primes above, the kernel of π Σ − Σ + is contained in the intersection of all the characteristic zero minimal prime ideals of R Σ − Σ + . In other words, ker(π
Here, min char 0 means that ideal ℘ runs over the set of minimal ideals of R Σ − Σ + of characteristic zero. Since O → R Σ − Σ + is finite flat, a uniformizer λ of O maps to a non-zero divisor of R Σ − Σ + . Thus, any minimal prime ℘ does not contain λ. Thus, we obtain the conclusion due to the reduced property of R Σ − Σ + .
Remark 2.18. In (2.3), one may expect the existence of the deformation ring "R Σ − -ss
If so, the following diagram would commute:
However, it looks impossible to impose the right local deformation condition at primes dividing N − (unless ρ is ramified at all primes dividing N − ) since the local deformation condition at unramified primes dividing N − should include both unramified and new deformations. This is also pointed out in [Dum15, §9] .
Relative computation of adjoint Selmer groups
3.1. Preliminaries on Galois cohomology. Let T be a free O-module of rank d endowed with continuous action of G Q and S a finite set of places of Q containing p, ∞, and the ramified primes for T . Denote by Q S the maximal extension of Q unramified outside S and let G Q,S := Gal(Q S /Q). In other words, we have a continuous d-dimensional integral Galois representation ρ :
The Tate local duality gives us the non-degenerate pairing
where T * := Hom(A, E/O(1)). For a Selmer structure L for S and A, we define the dual Selmer structure L * = (L * ℓ ) ℓ∈S for S and T * by L * ℓ := L ⊥ ℓ under the pairing. Then we define the dual (compact) Selmer group of T * with respect to L * by
The comparison between two Selmer groups sometimes reduces to the comparison of local conditions under the surjectivity of the global-to-local map defining the smaller Selmer group.
Proposition 3.1. Let L and N be two Selmer structures for
S and A. If L ℓ ⊆ N ℓ for all ℓ ∈ S, then H 1 L (G Q,S , A) ⊆ H 1 N (G Q,S , A).
If we further assume that φ L is surjective, then we have
Proof. It immediately follows from the definition. See [GV00, Corollary 2.3].
The following proposition is the direct limit version of the formula of Greenberg-Wiles [Wil95, Proposition 1.6], which is an application of the Poitou-Tate exact sequence with the Selmer structure. See also [Lun16, Lemma 2.6].
Proposition 3.2. Let L is a Selmer structure for S and A. Then Sel L (G Q,S , A) is cofinitely generated and Sel L * (G Q,s , T * ) is finitely generated as O-modules. Moreover, we have an equality
In order to have the surjectivity of the global-to-local map defining Selmer groups, the local conditions should be "well-balanced" as follows. This is [Lun16, Proposition 2.7] and we include the proof for the completeness. 
Proof. By Proposition 3.2, the finiteness of
3.2. Local computation. We quickly recall some materials in §2.2.5. Let f be a newform such that ρ f ≃ ρ such that ρ| G Q ℓ is an ℓ-new deformation of ρ| G Q ℓ . More explicitly, ρ| G Q ℓ is unramified but ρ| G Q ℓ ramified and is twist-equivalent to
Since M 2 is generated by t 1 0 0 and M 1 is generated by t 1 0 0 and t 0 1 0 , we have the following computation
for n >> 0 where • s is the largest integer such that χ cyc (g)c ≡ c (mod λ s ), i.e. s = ord λ (ℓ − 1), and • t is the largest integer such that ρ t | G Q ℓ is semi-simple, i.e. t = t f (ℓ) (Definition 1.15).
Since the cohomological dimension of G Q ℓ /I ℓ is one, the inflation-restriction sequence yields the exact sequence
Here, we have
where the first isomorphism follows from that G Q ℓ /I ℓ is topologically generated by Frob ℓ , the second isomorphism follows from M Note that the action of I ℓ on M 0 factors through the tame quotient I t ℓ . Thus, we have
M 0 where τ is a topological generator of I t ℓ . By using Equation (2.2), we check (
Then by using Equation (3.1) again, we have
as G Q ℓ /I ℓ -modules. Thus, we also have
Then we have the following statements:
(1) The local condition
is a non-trivial finite O-module and 
where the first equality follows from Theorem 1.12, Proposition 2.2, and Remark 2.3 and the second equality follows from (2.1).
O be the N − -new quotient map and f Σ + as defined in proof of Theorem 2.15. Let
where the first equality follows from Proposition 2.2, Remark 2.3, and Theorem 2.15 and the second equality follows from (2.1). Now it suffices to compute the difference between Sel
and φ L is surjective by Proposition 3.3 and the properties of local deformation conditions in §2.2. By Proposition 3.1, we have 
where the last isomorphism follows from Proposition 3.4.(1). Combining all the results, we have
and Theorem 1.16 follows from Proposition 3.4.(2) and Corollary 3.5.
Congruence ideals and adjoint L-values
The goal of this section is to prove Proposition 1.18 (the second correction).
and note that the Euler factor
For a prime ℓ ( = p), we recall
where π ℓ (f ) is the local automorphic representation attached to f at ℓ. We omit the definition of L ℓ (ad 0 (f ), s) when d 0 (ℓ) = 0, but note that it may not be 1 in general ("the exceptional set for f " c.f. [DFG04, §1.7.2 and §1.8.1]). For the exact calculation of congruence ideals, we modify Euler factors as follows: N ) Q , F k p ) m be the localization of M N at m. This is the p-adic realization of the premotivic structure of the cuspforms of weight k and level N localized at m following [DFG04] . Note that we do not care too much about the compactly supported or parabolic cohomologies since m is non-Eisenstein.
The cup product and Poincarè duality on Betti cohomology and the comparison between Betti andétale cohomologies imply that there exists an alternating and non-degenerate pairing
where w is the Atkin-Lehner involution, and we denote the image of the pairing by
We normalize L = O for convenience. Then the pairing
is perfect, and we define the cohomology congruence ideal of f by the image of the pairing
In order to identify congruence ideals and cohomology congruence ideals, we need the following freeness result. 
By the Gorenstein property of T(N ) m (Proposition 4.1. (2)), we have
Suppose that the last one has an O-torsion. In other words, there exists an O-algebra map φ : 
and all are even dimensional. Thus, we have
The Gorenstein property immediately follows from the freeness. Remark 4.5. Note that we work in the subspace of classical modular forms here; thus, we do not assume any condition on N − here. If we use modular forms on Shimura curves or Hida varieties attached to the quaternion algebra of discriminant N − via the Jacquet-Langlands correspondence, then we should assume ℓ ≡ ±1 (mod p) for all residually unramified prime ℓ dividing N − at least. See Assumption 5.3, for example. 
where the last identification is the normalization of L Σ as before.
Proposition 4.6. Suppose that ρ is irreducible. Then
Decompose N = N + · N − and suppose that Σ + = Σ does not contain any divisor of N − . Consider the restriction of γ to the N − -new parts
In the same manner, we define the N − -new cohomology congruence ideal of f Σ + by
Corollary 4.7. Suppose that ρ is irreducible. Then (1) δ f (N ) = η f (N ), and Thus, Proposition 1.18 immediately follows.
Thus, t(N
(2) δ f (N + , N − ) = η f (N + , N − ).
Comparison with Gross periods
We recall [CH18, §6] with some modifications. Let f ∈ S k (Γ 0 (N )) be a newform as in Theorem 1.3. We keep the following assumption in this section.
Assumption 5.1. Assume that N − be the square-free product of an odd number of primes.
5.1. Quaternionic modular forms. Let B be the definite quaternion algebra over Q of discriminant N − and R an Eichler order of level N + . Let f B be the Jacquet-Langlands transfer of f , i.e. continuous function
such that f B (a · g · r) = r −1 • f B (g) for a ∈ B × and r ∈ R × p ≃ GL 2 (Z p ) and the Hecke eigenvalues of f and f B are same at all primes not dividing N − . The space of such functions quotient by the constant function is denoted by S N − k (R, E). We recall the following simple form of the Jacquet-Langlands correspondence.
Theorem 5.2. There exists a non-canonical isomorphism
of Hecke modules with identification
Proof. See [Hid06, Theorem 2.30 in §2.3.6] for this form of the correspondence. Indeed, the isomorphism should be understood as the one-to-one correspondence between Hecke eigensystems.
We integrally normalize each quaternionic modular form f B by its mod p non-vanishing of the values of f B as in [CH18, §4.1] as well as the space of classical modular forms by the q-expansion. Using these two integral structures, we are able to identify
as T N − (N + ) ≃ T(N ) N − -modules; however, this identification itself is ad hoc. It will have a precise meaning after having the freeness of the quaternionic Hecke modules (Theorem 5.5).
5.2. Quaternionic congruence ideals and Gross periods. Consider the perfect pairing
where w is the Atkin-Lehner operator for level The Hida's canonical period for f is defined by
and the Gross period for f is defined by
where −, − Γ 0 (N ) is the Petersson inner product. Remark 5.6.
(1) In [CH18, (D3) in §6.2], the ordinary deformation condition at p is considered only; however, it seems that the replacement of the ordinary deformation condition by the low weight crystalline deformation condition does not affect any of result in [CH18, §6] . 
Anticyclotomic µ-invariants of modular forms
The goal of this section is to prove the µ-part of the anticyclotomic main conjecture for modular forms of higher weight as an application of Corollary 5.8 (so of Theorem 1.3). We only give a sketch of the argument here. See [PW11, CH15, CH18] for details.
We keep Assumption 5.1 and Assumption 5.3 in this section. Let K be an imaginary quadratic field such that (disc(K), N p) = 1 such that • if a prime ℓ divides N − , then ℓ is inert in K, and • if a prime ℓ divides N + , then ℓ splits in K.
Assumption 6.1. Assume that f is ordinary at p and a p (f ) ≡ ±1 (mod p).
Following [PW11, CH18] , we are able to define two slightly different anticyclotomic p-adic L-functions L p (K ∞ , f ) and L p (K ∞ , f ) of (f, K ∞ /K) in Λ = O Gal(K ∞ /K) relative to the Gross period and the Hida's canonical period, respectively. Then we have (N + , N − ) .
7.
1. An integrality of automorphic forms and the freeness of the Hecke modules. An integral normalization of f B is much more delicate than the definite case since the geometry of Shimura curves is substantially involved. Note that the normalization via the q-expansion is also not available due to the lack of cusps. In [Pra06] , f B is integrally normalized by considering the minimal regular model of the corresponding Shimura curve over Z p . It can also be checked by considering the values of f B at CM points via [Pra06, Proposition 2.9]. We assume the integrality in this section.
Assumption 7.2. The Jacquet-Langlands transfer f B of f is integrally normalized in the sense of [Pra06] . We need the following freeness assumption.
(4) N − is square-free, and (5) if a prime q ≡ ±1 (mod p) and q divides N − , then ρ f is ramified at q.
We further assume the following statements: 
Remark 7.7.
(1) In the case of elliptic curves, Assumption (b) on the integrality can be removed by the geometric method of Ribet- Takahashi and Remark 8.12] under the tame level assumption (5). In [Hel07] , although the level is assumed to be square-free, it seems easy to be removed via Ihara's lemma for Shimura curves over Q. (3) In the case of elliptic curves, Assumption (d) on the ratio of the canonical periods can be removed by using Faltings' isogeny theorem, but we need it for the higher weight case. See [Pra08, Example 2.3].
7.3. Remarks on the freeness of the Hecke modules for Shimura curves. We briefly review the freeness result of the higher weight Hecke modules for Shimura curves over Q based on [Che13] and [CF18] although it would not give us exactly Assumption 7.3. Let Σ + be the primes in Σ not dividing N − as defined in §1.4.1.
Theorem 7.8 (Cheng, Cheng-Ji). We assume the following conditions:
• Assumption 1.4.(TW).
• ρ occurs in M ′ N (ρ) + ,m .
• N (ρ) is square-free.
• If ℓ divides N − and ℓ 2 ≡ 1 (mod p), then ℓ divides N (ρ).
• End 
